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ABSTRACT 

Instability of a damaged pile due to a statically or dynamically applied overload is studied in this work using the finite 
element method. A damage parameter from such a pile is calculated using fracture mechanics concepts. The parameter 
is used to modify the beam element at the cracked or damaged location. Soil samples were obtained from the site of the 
pile and were subjected to laboratory tri-axial tests to obtain shear strength parameters c and  . Other soil parameters 

such as Young’s modulus E and Poisson’s ratio   were also obtained from the tri-axial tests. These were used to cal-
culate shear strength  and sub-grade modulus k for the soil. The parameters , E,   and k were later used together 
with the damage parameter  in the finite element simulation of the strength of the damaged pile using Eigen value 

analyses. The layered soil modulus is approximated by taking the mean value and is denoted by fK . The discrete ele-
ment matrices are assembled into a system Eigen-value equation, the solution of which provides the stability or instabil-
ity loads for the damaged pile. The results obtained for a pile without damage, that is, when 0  , are in good agree-
ment with those published in the literature. It has also been found that higher soil resistance is needed to support the 
damaged pile. It is concluded that the proposed model is a good candidate for use in the analysis and repair of damaged 
piles due to earthquake overload by soil stabilization methods. 
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1. Introduction 

Recently, earthquakes and Tsunamis have caused severe 
damages to some infrastructures around the world such 
as the quake in Haiti and the Tsunami in Japan. Some of 
these infrastructures suffer damage but do not collapse, 
particularly if the infrastructure is a pile being supported 
by the surrounding layered soil. Some of these infra-
structures on pile supports that suffer damage include 
nuclear power stations (such as those in Japan), bridge 
piers and offshore platforms (see Smith [1]).  

In recent years, Burgess [2,3] has drawn attention to 
the possibility of instability occurring during installation 
of slender piles. He assumes the ground shear resistance 
always act tangentially to the pile, rather than in a fixed 
(vertical) direction. This means that the instability can be 
of the “wandering” or “flutter” variety rather than classi-
cal buckling and requires a dynamic analysis to isolate 
the loads at which loss of stability occurs. A description 
of the mechanics of non-conservative instability and 
some closed form solutions for simple columns are to be  

found in Leipholz [4]. The addition of constant lateral 
(Winkler) stiffness was studied by Smith and Herrmann 
[5]. Deriving discrete beam element matrices, Smith [6] 
has studied the onset of instability of undamaged piles in 
uniform ground assuming both conservative and non- 
conservative cases. The purpose of the present article is 
to study the behaviour of damaged piles under conserva-
tive loads and supported by layered soils. 

2. Calculation of Local Stiffness Due to 
Damage 

A strip or a rectangular plate representing the damaged 
portion of the pile has a width b and thickness h with a 
transverse crack c. It is well known that the compliance 
derivative of such a strip is related to the strain energy 
release rate G1 as in Jiki [7]: 
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where Q is the driving force, F is the local flexibility due 
to crack, A is the area of the crack surface. The energy  *Corresponding author. 
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release rate G1 is also related to the stress intensity of the 
cracked strip as: 
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in which μ is the shear modulus for the material of the 
strip; 3 4    for plane strain and   is Poisson’s 
ratio. From Equations (1) and (2), we have: 
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For the present work, we work with the unit width of 
crack. Then the area of the crack A is given as in Jiki [7]: 

1A c   c                 (4) 

Then: 
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Substituting Equation (5) into Equation (3), we have: 
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From Equation (6) the compliance derivative becomes: 
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The condition for  implies no crack flexibility. 
We integrate Equation (7) to get the compliance F as in 
Jiki [7]: 
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For mode 1 due to bending moment M, we have ( Jiki 
[7], Anifantis and Dimarogonas [8]): 

1

c
K cY

h
    

 
              (9) 

where 

2

6
,

M
Q M

bh
                (10) 

Let 

2 3

1.93 3.07

14.53 25.11 25.8

c c
Y

h h

c c

h h

       
   

            
     

4
c

h

   (11) 

Using Equations (9)-(11) into Equation (8) and inte-
grating, we have: 
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in which 
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The relationship between stiffness and flexibility is: 
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Then the non-dimensional stiffness parameter is: 
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Then the damaged stiffness coefficient for the pile is 
written as in Jiki [7]. 

 1EI                  (16) 

3. Discretization of the Differential  
Equations. 

Previous work has typically involved discretization of the 
complete pile (or column) in terms of Fourier coeffi-
cients, for example. A more modern approach, through 
which existing finite element programs can be utilised, is 
to discretize locally over a small, typical element, e.g. 
Figure 1. 

For flexural modes the usual discretization involves 
the transverse displacements  and rotations  of the 
end nodes: 

1 1 2 2 3 1 4 2y N N N N               (17) 

In this Equation the well-known shape functions  
are given by 
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Consider, for example, one of the examples analysed by 
Burgess [3]. This involves linearly varying soil stiffness  
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Figure 1. (a) Typical disc ral line element; (b) 

 and side shear 

rete flexu
Enlarged details of cracked element 
 
k   with depth. The rates of change of k 
and   are mk an  md   respectively, and for equal ele-
ment ngths L the c ditions in the i-th element are as 
shown in Smith [6]. While both Burgess [3] and Smith [6] 
model undamaged piles on uniform ground under con-
servative and non-conservative forces, our present model 
considers the behaviour of damaged piles on layered soil 
and subjected to conservative forces only. It has been 
found in the literature that damage to structural compo-
nents in form of cracks can alter the static strengths of 
these components as reported in Jiki [7], Capuani and 
Willis [9] and can also alter the vibration characteristics 
of these components such as mass and natural frequen-
cies as reported in Anifantis and Dimarogonas [8]. 

Indeed our model modifies the conservative equat

 le on

ion 
by Timoshenko and Gere [10] with our proposed pa-  

rameter as: 
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In Equation (19) the primes represent spatial, and the 
do

ation in terms of the four undetermined nodal 
pa

ts temporal differentiation. From the third and fourth 
terms in Equation (19) it can be observed that the 
self-adjointness is a feature usually found in conservative 
systems.  

Discretiz
rameters of the element is completed by applying the 

Galerkin’s process in the usual way. The resulting infor-
mation is tabulated, term by term, as Table 1. For com-
pleteness the relevant matrices are listed in Appendix 1, 
although some are well known, KM and MM being the 
“stiffness” and “mass” matrices, for example see Smith 
[6]. While our model has considered the behaviour of a 
damaged pile on a layered soil, it also has increased dif-
ficulty in obtaining samples from different layers of the 
layered soil for the calculation of shear strength  , 
sub-grade modulus k, Young’s modulus E, Poisson’s 
ratio   as well as bearing capacity parameters such as 

, ,c qN N N  for the soil. These parameters are often ob-
 tests or are predicted using the finite element 

analysis in conjunction with existing equations in the 
literature as in Jiki et al. [11]. 

Assuming harmonic motion,

tained m fro

 the conservative Equation 
(19) discretizes into element eigenvalue equation 
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in which fK  is the average subgrade modulus which is 
he tgiven for t hree soil layers shown in Figure 2 as 

1 2 3

3
f

k k k 
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Element assembly to make up the complete pile fol-
lo

ents an unsymmetrical eigenvalue 
pr

ws in the usual way. 
Equation (20) repres
oblem which can predict two types of instability, de-

pending on the combinations of the physical parameters 

iQ , iK , etc. Either one of the 2  values can become 
a (classical buckling insta ity) or two real 2neg tive bil   

values can converge and in the limit become equ  
Thereafter a further perturbation leads to complex con-
jugate values of 2

al.

  (Fiutter instability). In the conser-
vative case (symm ical eigenvalue problem) only clas-
sical buckling can occur. Herein we assume the boundary 
terms that result from integration by parts in the Galerkin 
process to be small and are disregarded. Therefore the 

etr
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lue equation becomes 

usual conservative boundary conditions apply to the pre-
sent work as in Bolotin [12]. 

After assembly, the eigenva

          1 0K G M            (   22) 

For buckling we have: 

        1 0K G      

taking the mean sub-grade modulus to represent soil 
strength (Winkler model) needed to support the damaged 
pile. Therefore in Figures 3-5, when the crack parameter 
is zero, our model approaches that by Smith [6]. As the 
crack parameter increases from 0.1 to 0.3, the stability of 
the pile reduces and higher soil modulus is needed to 
keep the pile in a vertical and stable position. 

        (23) 

For vibration we have: 

 
Table 1. From Smith [6] Discrete element matrix defini-
tions. 

          1 K M    0        (24) 

4. Results and Discussion. 

 calculated damage pa-

Terms in d.c. Galerkin integral Element matrix 
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Using the above matrices and the
rameter α, many examples have been solved with twelve 
beam elements or more per pile. This has resulted in all 
cases in instability predictions that are in good agreement 
with published work by Smith [6] when we set our crack 
or damage parameter to zero. For example, Figures 3-5 
show instability predictions for piles in a layered soil 
subjected to conservative loads only. In our work here, 
we have approximated the layered soil by  
 

P = Pile load  

Figure 2. Distribution of soil resistances. 
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(Smith[6]) 

 

Figure 3. Effect of damage on pile buckling with zero soil modulus. 
 

(Smith[6]) 

 

Figure 4. Effect of damage on pile buckling with 100% normalised soil modulus. 
 

(Smith[6]) 

 

Figure 5. Effect of damage on pile buckling with 200% normalised soil modulus.   
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. Conclusions 

f the present study, we conclude as

damage due to an earthquake can be eval
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sent study show that whe
pi

methods of ground or soil 
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Appendix 1. Relevant Matrices from Smith [6]. 
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