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Abstract

The dynamic behaviour of a simply supported rectangular plate is studied. This
research work is based on the theory of the orthotropic plate simply supported
on two sides and free on two other sides. The plate is excited by a moving load
while the dynamic response of the structure was obtained using the classical
double Fourier series expansion technique, which satisfies the boundary
conditions at the four edges. In the absence of the external excitation, the
vibration yields free frequencies, other wise, forced frequency is produced. The
results obtained from the numerical example are in agreement with the onesin
the existing literatures. In addition, the effects of variations in flexural rigidity
and that of the frequencies of vibrations are also presented.
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1.0 Introduction

Over the years, the deflection of rectangtitén plates clamped at four edges under thauémite of uniformly
distributed loads is a problem that has provokeéarsches and scientific investigations by numeressarchers because of
its technical importance. A plate is called thint# thickness is at least one order of magnitudaller than its span. This
problem has received more attention from differesearchers such as the mathematicians, the engitlee physicists, and
so on, applying various methods of solutions ragdiiom analytical to numerical solutions [1]-[9].

Some of the aforementioned Scholars ssegle cosine series and the superposition metloa generalization of
Hencky’s solution [1]. The problem of bending ofetangular plate with two opposite edges simplypsuted was treated
by Hutchinson [6] and obtained the deflectionsiufoiformly loaded rectangular plates. In 19BBrgess and Mahajerin
[10] investigated a numerical method for laterdthpded thin plates. The problems and remedy forRhe method in
determining stress resultants of corner supporéetngular plates was treated by Wang et al [11d, the solution of
clamped rectangular plate problems was creditdaydor and Govindjee [12].

However, the accuracy of the analytic Sohs obtained in the literature varies. Thosesionply supported plates are
exact while others are approximate. Wang et al ssigg approximate methods which were discoveréx tnefficient due
to loss of accuracy [13]. Further study and anslg§rectangular plates with fixed edges underitifieence of the uniform
load was credited to Imrak and Gerdemmeli [14].yTfeaind the exact solution for the deflection oflamped rectangular
Plate under uniform load using trigopnometric angdmpolic series.

The detailed analyses of the deflections ofamped rectangular plates are carried out is plaiper. A solution of the
governing differential equation describing the defion of a thin rectangular plate using classa@lble cosine series is
presented. From the model developed, the assoc@tpressions for the bending moments were obtainEdhally, a
numerical example is presented. The results olaime in good agreement with the existing onestémature [14]. In
addition, the effects of the variations in the tlead rigidity on the deflections were also presdnte
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2.0 Fundamental Equations of a Rectangular Plate Element

2.1 Equilibrium of the plate element
Assuming that the plate is subjected to lateratderonly from the fundamental equilibrium equatitmes following can be

used,
> M, 0> M, =0>PR=0

thus the external load, is called byQ and Qytransverse shear forces and B, and Mybending moments. The

significant deviation from the two dimensional grigrks action is the presence of the twisting motmieil xyand M e
From figure (1), if the sum of the moment of altdes around théy axes is zero, this gives;

M, LY dy — Mxdy +| My, +aﬂdy - Myxdx—(qx+%dx)dy%—qxdy%:O (2.1),
ox ay ox 2 2
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Figure 1 : A parallelepiped cut out of the plate

After simplification, we neglect the term contaigﬂ:%(ax)dy, since it is a small quantity of higher order,gtaquation
2 0x

(2.1) becomes

aﬂdxdy + oMy, dydx — g, dxdy = 0
0x oy
and after division bydxdy , we obtain
om, L Iy _ o 2.2)
0x oy
In a similar manner the sum of the moments arobadtaxes gives
0
oMy L O _ o (2.3)
oy 0x

The summation of all forces in thedirection yields third equilibrium equation.

Journal of the Nigerian Association of Mathematical Physics Volume 19 (November, 2011)183 — 192
184



On The Dynamic Analysis of A Simply Supported Rectangular...Abiala and Bolaji J of NAMP

9ox dxdy + 9qy dxdy + Pzdxdy = 0
0x oy
which after division bydxdy gives
9ax dxdy + oqy dydx = -Pz (2.4)
0Xx oy
Substituting equations (2.2) and (2.3) into (24J abserving
M, =M, we obtain

Yy —

2 20°M,, 0°M
o°M, , " = _Pa(x.y) (2.5)

+
x> oxay ay’
The bending and twisting moments in equation (8€gend on the strains and the strains are functibtige displacement
componentgU,V,W) . The next step, is to seek the relations betwleeinternal moments and displacement components.

2.2 Relation Between Stress, Strain And Displacement
The assumption that the material is elastic perthésuse of the two-dimensional Hooke's law
X = Eex+Voy (2.6)
oy = Egy +Vx (2.7)
which relates stress and strain in a plate elem®uabstituting (2.2) into (2.6), we obtain
E
X = &+V (2.8)
RVAGEAL)
In similar manner;
= +VEX (2.9)
& =1 (& +VEx)

In figure (1), the torsion momenti Xyand M W produce in plane shear stresd@sy and hyx which are related to the
shear by the pertinent Hooke's relationship. gsiasumptions (5) and (6);

ow
=>0-— (2.10)
oX
06
(== Jdx ]-dx
sx= A et ax LT oy 99 (2.11)
dx 0x 0x
By putting (2.10) into the above expression, weott
20°w
2X = ———; (2.12)
0X
also, the strain due to normal stresses intltgrection is given by
__D'w (2.13)
ox? '
The curvature changes in the deflection middleasgrfare defined by
\
2
KX = —M
ox?
a°w
P (2.14)
K = — °w
oxoy )

whereK represent the warping of the plate
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2.3 Internal Forces components

The stress componerd and dy produced bending produce moments in the plate eifemea manner similar to that in

elementary beam theory, thus by integration of nhemal stress components, the bending momentsgaotinthe plate
element are obtained,

-h
Mx = J?h zdz (2.15)
2

-h
Mx = IhZ Ooyzdz
2

Similarly, the twisting moments produced by thesststresses
T = txy = tyx can be calculated from:

h
Mx = JE 1xyzdz
" (2.16)

h
Mx = .[_Zh xXyzdz
2

but 7Xy = 7IXyX = m, therefore, Mxy = MyX. If we substitute equation (2.12) and (2.13) i{#®) and (2.9). The normal
stresseXand X are expressed in terms of the lateral deflectionTWus we obtain;

- AW  voW

&:1_522( ox° * ay? j 10
- AW oW

@zl—%z( ox +V6x2 J (219)

If we integrate equation (2.16) after the substitubf the equation (2.17) and (2.18) fdxand Jy gives
-ER® oW oW
X= +V
120-v?) | ox ay?
0X oy
D(Kx+VKy (2.19)

My = —D[ A +V62VV J

ayz A

= D(Ky +VKX) (2.20)
_ ER
"~ RI-VY)

represents the bending or flexural rigidity of fiate in the same manner

where (2.22)

2
Mxy = —( 1-v )02
oyoy
D(L-V)k (2.22)
The substitution of equation (2.19), (2.20) and22?.into (2.5) yields the governing differentialuagion of the plate
subjected to lateral load; i.e

o'W N 20°W +64VV _P(xy)

(2.23)
ax*  ox’ay?  oy* D

WherelV is the deflections of the plate midsurfa@telenotes lateral pressure load on the plateDarsdthe constant flexural
rigidity terms of the material properties, whicmsists of the Young’s modulus of the mateHadnd Poisson’s ratio and
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the plate thicknesk. Thus, the governing equations expresses théamdtiip between the rectangular plate, lateral kmad
it's deflection in the case of plate with small ldefion.

3.0  Solution Technique

In general, there are four types of mathematicategolutions available for plate problems namelysed- form solution,
superimposed solution of the biharmonic equatieubie trigonometric series solution, and singléesesolution.

However, in this paper, we shall be using doul{gtrometric series solution to solve the govermggation of a plate.

We solve the governing equations,

o'y, 20'W o'W _P,(xY) (3.1)

ox*  ox’oy® oy’ D
Subject to the boundary conditions of rectangulatep

W=0 anda—WZO (3.2)
0X
X=4a,andy =b
and
(M,), =0 x:a,jr (3.3)
(M), =0 y=h,

If the deflection of the clamped rectangular pla'\:heesxpressed by double cosine series

W(x,y) = z z ( 1- COS— J[ 1—c052?ny }/\/mn (3.4)

M=1 n=1
(for nm= 123,...) and the lateral load is given by

P,(x,y)= 21 2;, P (1 0057”( I 1—co”%5’ J (3.5)
whereW_ . and P,, are unknown coefficients which can be derived fexoation (3.2) whileP, is a lateral load.
using equations (3.4) and (3.5) in equatioR)(3we obtain
Wm( mz T(—)cos%( 1-cos % J+2( Wm( mz jz( nx chosﬂcosﬂ
a a b a b a b

4
AW, nr (—)cos@ 1-cos?%
b b a

-p (1 cosT % J{ 1-cosi® j

a b

4 2 4

:>Wmn“ m cos—mm 1—cos—nnx -2 W, mr Lmxcos—nm+ n cos—nm

a a b ab a b b

P VK n7K
=-M 1-cos— 1-cos—
D a b

P (HOSM)( 1-cos™™ j
a

T
(@}
o
mT

mm 4 2 4
D m COSM( - cos /% )— LU P SLLLT S L cosﬂ(l—cosﬂ )
a a b ab a b b b a
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PuttingW,,, into equation (3.5), we obtain the analytical solufor the deflection of the plate which is repented as

1 |ma P,r,(l—cosnlxI —cosn;—yj -
USEE) 3 f L 4 {1-cof [1-cof? |
a a b ab a b \b b b
4.0 Solution of the Moments

The solution of the moment is obtained by substituequation (3.4) into (2.19)
M, = D[ 762\/2\/ +V—azw J
0X

ayZ
Mo J m7r m mry MoJ nr
M,=mD| > > | — | cos—| l-cos—= W, +V> > | —=—
m=1 n=1 a b m=1 n=1 b
( 1—cosm—m jcos—cosny
a a
M N
M, =D zzm cos™1-cos” ]V[@mj "yﬂ
m=1 n=1

And

m=1 n=1 b a m=1 =1 a
mir n
COS—( 1—cosTny J
a

for some specific value afl and n.

5.0 lllustrative Example

In order to demonstrate the application of the me@thlet us examine a simply supported rectanqulte Subjected to a
uniformly distributed load, given thd®,, = 8Pon'2mn and M, Nare positive odd integer® = 1,35....andn = 135...
In the first step, the uniformly distributed latil@ad is expanded into double Cosine Series

Recall that
M N
=YY PMN[ 1-Cos™® ][ 1-cos™¥ J
m-1 n=1 a b
M N
=p=Y Y PMN( 1-Cos™® ]( 1-cos™¥ J
m-1 n=1 a b
(mn=135,...)
Given

P, =8P/’mn anda=a,b :%
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substituting forP,in P,, we have

mm

N N
=R=Y> 8F3J772mn( 1—Cosm—:( j( 1-Cos—— ZrZy ]

m-1 n=1

M N
p=8R7> Y mr( 1-Cos X I 1-Cos?¥ J
m-1 n=1 a a
For deflection
. P (1—Cos%)(1—Co 2r"5’)
™" 7D m g (nY) . K 7R
— COS— - COS—) COS— Cos—+| — | Cos— (@-Cos—)
a b b b a
8Ponzmr£ 1-Cos ¥ I 1—Coszly J
1 a a
\Mﬂ_% mY . mx 2n7K mn Y. mvk 207K an Y . ok VK
( — J Cos— (@-Cos—) —E{ — JCOS—COS— +( — JCOS— 1-Cos—)
a a a a a a a a a
2n7y.
P mnl- COS—)G. Cos—)
\M“ZFOD mY mn 21 2n 21 NVK
(\JCOS—(l COS—) { JCO ly (J Wl Cos—
a a a
since
_wQ m7x 2n7y
W y)=> > W,| 1-Cos—— | 1-Cos=—=>
m=1 n=1 a a
mx ) 2n 2
op 1 1 mr( 1—Cos7 J [1—Cosam J a'
Wx ) =—> >
7 e e ( )Cos— @a- Coszn—m) 8(mn? )Cosmm Cosznw+(2(n) Cosznw( 1-Cos™* )

a

substituting the given valuds m<5 and1<n<5and the maximum deflection occurs ataandy = a

2
Whemandn=1, we have
8P, @-(-D*@Q- (-2 8P,a*| 164
W, = —; > —
mD| -11-(-1)-8-16 mD | -26
Whem=3and N = 3
W, _8Pa* (1- Cos37)° (1 - Cos371)°3% 3 8Pa @a+1%9
° D] (3*Cos3n) - 89)*CorCo3T+ (6)* Co3r(l— Cos3r) nzD 81(-2) —648+[(-2)(1296
8P,a* 144 8pP,a* 24
B3- T =
m7°D - 3402 m°D - 567

Whenm=5andn=5
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( 1—COSS7TJ [ 1—C055nJ (5x5)

8Pa*
T
(5)4005577( 1- Cos5 J - 8(5x% 5)*Cos57CosT + (lO)“CosSn( 1- Cosb7 ]
_8Ra’ L-(-1)*@-(-)(29

~ D | 625-1(1-(-1)) - 8(252(~1)(-1) +10,000-1)(L - (1)

8Pa’ 400
7D | -6252)-5000-20,00C

8Pa’l 400 8Pa*l 8
= — =
mD| 26250 mD| -525

Now,
4 4 4
ooy~ 2] 10 ], oma 26 ] ona e
7D| -26 | mD| 567 | mD| -535
al _
Wiy = SR8 S8 2 2
7°D | 26 567 535
4
-8R 61538004231~ 001524
7D
-8R 67205
7D '
_ 4
Wmaxe ~08729%2"

7D

We obtained deflections for various values of Gitrigidity. The result agreesith claims made by [12

Table 1: The relationship between the flexural rigidity ateflection

D W
27473 -1.737 x 107*
28617 -1.667 x 107*
29762 —1.603 x107%
30907 —1.544 x 107*
32051 —1.489 x 107*
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Fig 2: Effect of increasy in flexural rigidity on the deflection
6.0  Conclusion

The solution of a clamped rectangular plate uslagsical double Fourier series expansion technigisebeen considered in
this paper. We obtained the analytical solutiorthaf problem applying the above method, which safisthe boundary
conditions at the four edges. The solution conttinse different terms which includes the case stfi@ and the influences
of the edges. The results obtained from the numleggample are in agreement with the ones present¢til-14]. In
addition, the effects of variations in flexuralidigy on the deflection are also presented
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